The diffusion approximation for template
coexistence in protocells

How do we explain the co-existence of distinct selfish genes or templates?
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Competition-only approach:

Xl. frequency of templates of type i
dx
dt

l

L = E Mijijj — (I)(t)x Eigen’s quasispecies equation
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A. copies per unit of time produced by template i
l

M probability of “mutation” from templatej toi

Zero-sum game.

=0 = D(1)

only the most efficient
template survives!
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Two non-zero sum game solutions:

1) hypercycles: 6? @ %
o @

dx,
dt
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2) package models:

replication or survival of packages
(vesicles) depends on their
template composition!

two-level selection




Package model

a) individual selection for two template types (Wright-Fisher)

number of templates inside a vesicle: N

number of templates 1: 71, = N number of templates 2: 71,

frequencies: X, =X =n1/N X, =]1-x =n2/N

selection coefficient of template 1: -5 andof template 2: |
_ x(l-5)

X'= ~ x —sx(1 - x)
1 —sx

stochastic dynamics: N (xv)”<1 _ x,)N—n'
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diffusion approximation: S ~ I/N << ]

M, = <(x' —x)> = —sx(1 - x)

V., = <(x'—x)2> = x(1 - x)/N

probability density that template 1 has frequency x at time t: (p(x,t)
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b) vesicle selection (deterministic dynamics)

qp(x,t) fraction of vesicles in which template 1 has frequency x at time t

inter-vesicle selection coefficient: C(X)

@(x,t + At) = [qo(x,t) + c(x)q&(x,t)At]n

1 —
[@(x,t+At)dx =1=>n = = i = fic(x)op(x)dx
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c) Complete two-level selection dynamics Kimura, PNAS 80 6317 (1983)

0 L ) - L[ Mg)+[elx) -l

gt 2 ox’ 0X
V, =x(1-x)/N ¢ = fc(x)ep(x)dx
M, =-sx(1-x)

c(x) = cx(l — X) non-zero sum game!



d) Steady-state analysis — =0

d —

;’:2 [X(l — X)‘P] + E[Sx(l — x)qo] + [Cx(l — x) — C]qa -0

§=2Ns C=2Nc C = Clx(1-x)p(x)dx  1=[fg(x)dx

solve recursively: fix C solve for @ recalculate C and soon...

_ bad idea!
2-S+C

2 _
2+5+C

2

¢'(0) = ¢(0)

¢(1) = -¢(1)

not an initial value problem!

Sturm-Liouville problem: C is the eigenvalue!
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e) Numerical solution

=C-S°/4

two regimes:

C=0fr I'<T =7’

C>0 otherwise
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near the critical point:
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f) transition line E =()

d

CZ; [x(l — x)n] + Sa[x(l — x)n] + Cx(l — x)n =(

po(x)=x(1-x)n(x)  damped harmonic oscillator
p(x) =exp(-Sx/2)[Acoswx + Bsinwx]  w?=C-5*/4=T
1) isnormalizable:  p(0)=p(1) =0=> A =0 =sinw
[ =

C =m"+5/4

transition line: w =7 =



SIN JTX

Tlc(x) = AeXp(—Sx/Z) x(l ~ x) get A from normalization
A¢ = 1 A = €Xp(— 5/2) independent on the
0 1+ exp(—S/Z) (I 1+ eXp(—S/z) initial conditions

g) Delta weights for the non-ergodic regime (S=0)

<f(x)>t =j3f(X)(p(x,t)dx E)::gc;ted value of a regular function f at

4, =(x-0%L) sclati-05), -2l

ox

t
choosing f(x) = SiIl(’\/Cx + Q) with @ arbitrary yields:



%<sin(\/6x + 9)>t = —E(t)<sin(\/6x + 9)>t whose solution is

< \/Ex+8)
< \/Ex+9)

independent on 6

b




i cos(\/E / Z)isin(\/g x/ 2)(p(x,0)dx
sin(\/E / Z)icos[\/g (x -1/ 2)](,0(x,0)dx

1

for C —=(0 : Al =j(l)xqu(x,0)dx
for C =1 A1=1/2

Fixation probability in presence of group selection!!

thanks!
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