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The spatial SIS model
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Master equation
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An individual based random walk model
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The dynamics of the expectation values

N N
d
2 = XD Sl = x Y Ji(hS))
= =
N
= x_ Ji(Sil S
=1

and by inserting S; = 1 — /; etc. we obtain

(Sili = 1:S;) = (1= 1)l — L;(1 = 1)) = (L) — (Ii).
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LAn individual based random walk model

If we denote
u(xj, t) = (I;) (4)

where x; is the location of individual / in the case of regular
lattices encoded in the adjacency matrix J then we have

82
(lix) = 2(0) + (1) ~ s ulx,t) (5)
and our result J
— (i) = xA(l) (6)

dt
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LAn individual based random walk model

S, 6) = XAu(x ) Y

describing the random walk of our item being exchanged between
individuals / living at locations Xx;.
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LAn individual based random walk model

0 0? 0?
EU(X,}/J)—X ﬁ+37y2 U(Xa.yv t) (8)
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Ordinary diffusion
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Lo

rdinary diffusion

Diffusion equation in Fourier space

0 . T
au(k7 t) = —k“xi(k,t), (10)
where
u(k,t) L /u e~ **dx
\/ﬁ
i(k, t) = ik, to)e < x(t=10), (11)
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Lo

rdinary diffusion

17 .
u(x,t) = Nz / i(k, t)e™dk

_ x=y)?
U(X, t) = x(t-n)dy.

; 7 u(y, to)e
2/ mx(t — to)_oo
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LDiscrete Fourier representation in one dimension

Discrete case

Let N=2M+1, Ak =22 L For x, = (—M + (n — 1)) Ax,
n=1,2,---, N we have

1 N
u(xp, t) = Z i(kj, t)e™ ™ Ak
_]:1

where

N

1 .

u(kj, t o E u(xz, t)e % Ax
n:l

ki=(-M+(—1)Ak j=1-,N
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LDiscrete Fourier representation in one dimension
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LDiscrete Fourier representation in one dimension

2
aaﬂu(x, t) = AI)i(rE0 (Ai<)2 ( u(x — Ax, t) — 2u(x, t) + u(x + Ax, t))
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LDiscrete Fourier representation in one dimension

N
1 1 . . .
(Ax)2 Vor Z b(kj, t) (elijn_l — 2™ 4 elijn+1> Ak
j=1
(12)
11 Y
~ ikjx
= 5 —— g U(kj, t)e"™ (2 cos(kjAx)—2) Ak,
(Ax)"V2m =

where xp_1 = X — AX, Xpr1 = Xp + Ax
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LDiscrete Fourier representation in one dimension

82 . 1 & g
5 u(x,t) = lim 72— g 7% (2 cos(kjAx)—2)Ak.
ox Ax—0 (AX 2T =

For small k; and for f(kj) = 2cos(kjAx) — 2 we have Taylor's
expansion

=1 ,
k)= — U dk? F(ki)lig=0 - ki = —ki*(Ax)? + O(K;*).
v=0
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LDiscrete Fourier representation in one dimension

1(k), K2
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Figure: The Fourier kernel and its approximation by —|k|2.
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sy

perdiffusion

Generalization
0 o
au(x, t) = Xox #u(x t), x>0
» 1 = 2—diffusion
» 0 < p < 2-superdiffusion
» 1 > 2—subdiffusion
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LFractional derivative

Fractional derivative

If f(x) =x™, meN, then for n € N, m > n we have

d" !
g nx’" =mm—-1)---(m—n+1)x""" = Lxm*"_
Ix

Using the Gamma function we can write

dn m r(m + 1) m—n
XM= ——————xT"",
dx" (m+1-—n)
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LFracticmal derivative

For a > 0 we put

ﬁxm _ r(m + 1) m—a
dx@”  T(m+1—-aq) '
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LFracticmal derivative

a>0 m<0

where (—1)* = eo™
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LFracticmal derivative

4 [ HmxT for m20,
dx® e’a“% m= for m < 0.
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LFractional derivative

For any analytic function f

F(0)
f(x)= X
k=0
we extend the definition by
dof — F(0) d* & xk—
o =2 T g kz;)k—l—l—a)'
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LFracticmal derivative

L Riemann-Liouville integral

Riemann-Liouville integral o < 0, o = —1.

If (x) = /Oxf(t) dt.

Cauchy integral formula

I8F (x) = (n—ll)l /OX (x — )" (t) dt

for n > 0.
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LFracticmal derivative

L Riemann-Liouville integral

The (Riemann-Liouville) fractional integral is

IF (x) = r(la)/o (x — )L F (£) dt

for oo > 0.
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LFracticmal derivative

L Riemann-Liouville integral

The Riemann-Liouville fractional derivative of order ov < 0 is
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LFractional derivative

LThe Weyl Derivative

Property

1 teo -
F(m) (x :/ it)™ f (t) exp (itx) dt
()= _oo() (t) exp (itx)
We define the Weyl derivative of order a > 0 as

F@) = F=1((it)™ Ff) (13)
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LFractional derivative

LThe Riesz Derivative

The Riesz Derivative
Rn
M )= [ @ el at
U (x) = — it)™ exp (itx
27 J o P

() = F L ([l [F (D (9 (9,

8Xk

where x = (x1,...,%y), y=(t1,...,tn), k=1,...,n.
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LFractional derivative

LThe Riesz Derivative

~af () =7 ([P IF (A1 )]) ()

The Riesz derivative of order « is defined as

19 (x) = F7H([ly[* 7 (1 ()]) (%)

for f € S(R"). Symbolically we have

or

v

(=V2)2 £ (x) = FH(IyI" [F (O1W)]) (%) - (14)
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perdiffusion
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LSupercliffusion

Superdiffusion equation in Fourier space

—u(x,t) = %u(x t) (15)
9 (k) = Kk, ) (16)
i(k, t) = (k, to)e~ IKI"x(t=t0), (17)

1 oo _
u(X, t) = \/ﬂ/ El(k, to)e—|k‘ﬂx(t—t0)+lkxdk’

where

. 1 o y
ikito) = o= [ uly. )y

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

Superdiffusion and epidemiological spreading



Superdiffusion and epidemiological spreading

LSupercliffusion
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Figure: Superdiffusion for Lévy exponent 1.5. a) Density u(x, t) over x
for fixed time t. b) Logarithm of the density.
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Figure: Superdiffusion for a lower Lévy exponent 1.0 a) Density u(x, t)
over x for fixed time t. b) Logarithm of the density.
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perdiffusion

In(u(x)
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Figure: Comparison of the logarithm of density for a) Lévy exponent 2,
b) Lévy exponent 1.5, c) exponent 1.0.
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perdiffusion

G(y — x,t —tg) = L /Oo e kly=x) = IkI"x(t=to) g

1

Y=X__ and k = k(x(t — tp))* then we get

Substituting z = 1
(x(t—to)) #

1 L[ ikl g

Gy —x,t—1ty) = —1 -
(x(t — to))# <7 /o0
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perdiffusion

Power law scaling of superdiffusion

2

u(x,t) ~e™* (18)

u(x, t) = ¢ |x| 7+ (19)
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perdiffusion

Lévy stable function

~2r

I R ST
L.(2) / e ke Ikl gk (20)

Asymptotically, the stable law is

1
Lu(z) ~ |Z|Tuv z| >>1
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sy

perdiffusion

In fact, a series expansion of L, gives us

1 - +1 m
il —(nk+1) in(<
- kgl —z Mk + 1) sin (2,uk> . (21)
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perdiffusion

4 4 L
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L Diffusion in the higher dimension

Diffusion in R’

S ulx (22)
i=1 !
where x = (x1, -+, %/).

o . 5
EU(K’ t) _|K‘ XU(Kv t)v

where k = (ky, -+, k), |k|? = ki® + - + k2

Bk, t) = (\/21?) / u(x, t)e= %% dx

RI’
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L Diffusion in the higher dimension

1 / x — y[?
u(x,t) = — [ u(y,tg)exp< — :
1) (4mx(t — )2 J e Mt —to) | =
1 x —y/?
G(x—y,t)= - —
) = ) TP A )
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L Diffusion in the higher dimension

Case: r=2. Let N=2M+1, x, = (—M+ (n—1)) Ax,
Ym=(-M+(m—-1))Ay, nm=1,2,--- /N, Ak:ﬁi'

Ax = zﬁﬁ Then we have

1 .
(k HZ, 27T Z Z U(Xn7ym; ) I(ijn+I€Z}’m)AXAy

n=1m=1

where j, £ =1,..., N and the back Fourier transform

N N
1 .
U(Xn,ym’ t) = — E E Z’l(kj’ /{e, t)el(ijn"‘HE}/m)AkAH
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LDifFusion in the higher dimension
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L Diffusion in the higher dimension
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Figure: Superdiffusion for Lévy exponent 1.5. a) Density u(x, t) over x
for fixed time t. b)color-coded projection of u(x, t)
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LIntegral representation of the fractional Laplace operator

Integral representation of the fractional Laplacian

o* 1 LT T y,t

—0o0
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LIntegral representation of the fractional Laplace operator

The sketch of the proof

V2r

f(x)=(=ix)" — (k) H(k)ke=1  (24)

" ()
F) = ()0 ?(k>=r“(f;H(—k)<—k>a-l (25)

MNa) = /xo‘l e ™ dx (26)
0
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LIntegral representation of the fractional Laplace operator

For z € C holds

227l e dz=0 (27)
C

along any contour C not including any pole of f(z).

2
g(x) = ———=T(u+ x| Dsin (Zp) e g(k) = k"
T 2

V2r
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LIntegral representation of the fractional Laplace operator

or 1 r e ikx
@u(x, t) = ez —|k|*u(k, t)e"™dk
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LIntegral representation of the fractional Laplace operator

The convolution theorem
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LIntegral representation of the fractional Laplace operator

In our case:
-
h(x) = @u(x t)
h(k) = —|k|*a(k, t)
From this h = —%u * g, where g(k) := |k|**. Then
g(x) = —2T(u+ -0V sin ().

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

and epidemiological spreal



Superdiffusion and epidemiological spreading

LApplication to epidemiological systems

Random walk model

S+l == i+
i+S =5 S+

XCulj

A P

ico Stollenwerk
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LApplication to epidemiological systems
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LApplication to epidemiological systems

SIS model

Si+1j 2, li + 1

«
i — S
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L Application to epidemiological systems

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

Superdiffusion and epidemiological spreading



Superdiffusion and epidemiological spreading

LApplication to epidemiological systems

Thank you for your attention
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