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The spatial SIS model

The spatial SIS model

Si + Ij
β−→ Ii + Ij

Ii
α−→ Si
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The spatial SIS model

Master equation

d

dt
p(I1, I2, ..., IN , t) =

N
∑

i=1

β





N
∑

j=1

Jij Ij



 Ii p(I1, ..., 1 − Ii , ..., t)

+
N

∑

i=1

α(1 − Ii ) p(I1, ..., 1 − Ii , ..., IN , t)

−
N

∑

i=1



β





N
∑

j=1

Jij Ij



 (1 − Ii ) + αIi



 p(I1, ..., Ii , ..., IN , t)
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The spatial SIS model

d

dt
〈Ii 〉 = β

N
∑

j=1

Jij〈Ij(1 − Ii )〉 − α〈Ii 〉

= β

N
∑

j=1

Jij〈Si Ij〉 − α〈Ii 〉
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An individual based random walk model

An individual based random walk model

Si + Ij
χ−→ Ii + Sj

Ii + Sj
χ−→ Si + Ij
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An individual based random walk model

The dynamics of the expectation values

d

dt
〈Ii 〉 = χ

N
∑

j=1

Jij〈Si Ij〉 − χ

N
∑

j=1

Jij〈IiSj〉

= χ

N
∑

j=1

Jij〈Si Ij − IiSj〉

and by inserting Si = 1 − Ii etc. we obtain
〈Si Ij − IiSj〉 = 〈(1 − Ii )Ij − Ii (1 − Ij)〉 = 〈Ij〉 − 〈Ii 〉.
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An individual based random walk model

d

dt
〈Ii 〉 = χ

N
∑

j=1

Jij (〈Ij〉 − 〈Ii 〉) (1)

with
N

∑

j=1

Jij (〈Ij〉 − 〈Ii 〉) =: ∆〈Ii 〉 (2)
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An individual based random walk model

N
∑

j=1

Jij (〈Ij〉 − 〈Ii 〉) = 〈Ii−1〉 − 2〈Ii 〉 + 〈Ii+1〉 . (3)
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An individual based random walk model

If we denote
u(x i , t) := 〈Ii 〉 (4)

where x i is the location of individual i in the case of regular
lattices encoded in the adjacency matrix J then we have

〈Ii−1〉 − 2〈Ii 〉 + 〈Ii+1〉 ∼
∂2

∂x2
u(x , t) . (5)

and our result
d

dt
〈Ii 〉 = χ∆〈Ii 〉 (6)
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An individual based random walk model

∂

∂t
u(x , t) = χ∆u(x , t) (7)

describing the random walk of our item being exchanged between
individuals i living at locations x i .
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An individual based random walk model

∂

∂t
u(x , y , t) = χ

(

∂2

∂x2
+

∂2

∂y2

)

u(x , y , t) (8)
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Ordinary diffusion

Ordinary diffusion
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∂

∂t
u(x , t) = χ

∂2

∂x2
u(x , t), χ > 0 (9)
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Ordinary diffusion

Diffusion equation in Fourier space

∂

∂t
ũ(k , t) = −k2χũ(k , t), (10)

where

ũ(k , t) =
1√
2π

∞
∫

−∞

u(x , t)e−ikx
dx

ũ(k , t) = ũ(k , t0)e
−k2χ(t−t0). (11)
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Ordinary diffusion

u(x , t) =
1√
2π

∞
∫

−∞

ũ(k , t)e ikx
dk

u(x , t) =
1

2
√

πχ(t − t0)

∞
∫

−∞

u(y , t0)e
− (x−y)2

4χ(t−t0) dy .
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Discrete Fourier representation in one dimension

Discrete case

Let N = 2M + 1, ∆k = 2π
N

1
∆x

. For xn = (−M + (n − 1))∆x ,
n = 1, 2, · · · , N we have

u(xn, t) =
1√
2π

N
∑

j=1

ũ(kj , t)e
ikjxn∆k

where

ũ(kj , t) =
1√
2π

N
∑

ñ=1

u(xñ, t)e
−ikjxñ∆x

kj = (−M + (j − 1)) ∆k , j = 1, · · · , N
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Discrete Fourier representation in one dimension
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Figure: Ordinary diffusion.
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Discrete Fourier representation in one dimension

∂2

∂x2
u(x , t) = lim

∆x→0

1

(∆x)2

(

u(x − ∆x , t) − 2u(x , t) + u(x + ∆x , t)
)

.

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

Superdiffusion and epidemiological spreading



Superdiffusion and epidemiological spreading

Discrete Fourier representation in one dimension

1

(∆x)2
1√
2π

N
∑

j=1

ũ(kj , t)
(

e ikjxn−1 − 2e ikjxn + e ikjxn+1

)

∆k

(12)

=
1

(∆x)2
1√
2π

N
∑

j=1

ũ(kj , t)e
ikjxn(2 cos(kj∆x)−2)∆k ,

where xn−1 = xn − ∆x , xn+1 = xn + ∆x
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Discrete Fourier representation in one dimension

∂2

∂x2
u(x , t) = lim

∆x→0

1

(∆x)2
1√
2π

N
∑

j=1

ũ(kj , t)e
ikjxn(2 cos(kj∆x)−2)∆k .

For small kj and for f (kj) = 2 cos(kj∆x) − 2 we have Taylor’s
expansion

f (kj) =
∞

∑

ν=0

1

ν!

dν

dkj
ν f (kj)|kj=0 · kj

ν = −kj
2(∆x)2 + O(kj

4).
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Discrete Fourier representation in one dimension
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Figure: The Fourier kernel and its approximation by −|k|2.
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Superdiffusion

Generalization

∂

∂t
u(x , t) = χ

∂µ

∂xµ
u(x , t), χ > 0

◮ µ = 2–diffusion

◮ 0 < µ < 2–superdiffusion

◮ µ > 2–subdiffusion
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Fractional derivative

Fractional derivative

If f (x) = xm, m ∈ N, then for n ∈ N, m > n we have

dn

dxn
xm = m(m − 1) · · · (m − n + 1)xm−n =

m!

(m − n)!
xm−n.

Using the Gamma function we can write

dn

dxn
xm =

Γ(m + 1)

Γ(m + 1 − n)
xm−n.
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Fractional derivative

For α > 0 we put

dα

dxα
xm =

Γ(m + 1)

Γ (m + 1 − α)
xm−α.
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Fractional derivative

α > 0, m < 0

dα

dxα
xm = (−1)α Γ(−m + α)

Γ(−m)
xm−α

where (−1)α = e iαπ
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Fractional derivative

dα

dxα
xm =

{

Γ(m+1)
Γ(m+1−α)x

m−α for m ≥ 0,

e iαπ Γ(−m+α)
Γ(−m) xm−α for m < 0.
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Fractional derivative

For any analytic function f

f (x) =
∞

∑

k=0

f (k) (0)

k!
xk

we extend the definition by

dαf

dxα
(x) =

∞
∑

k=0

f (k) (0)

k!

dα

dxα
xk =

∞
∑

k=0

f (k) (0) xk−α

Γ (k + 1 − α)
.
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Fractional derivative

Riemann-Liouville integral

Riemann-Liouville integral α < 0, α = −1.

I0f (x) =

∫ x

0
f (t) dt.

Cauchy integral formula

I n
0 f (x) =

1

(n − 1)!

∫ x

0
(x − t)n−1

f (t) dt

for n > 0.
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Fractional derivative

Riemann-Liouville integral

The (Riemann-Liouville) fractional integral is

Iα
0 f (x) =

1

Γ (α)

∫ x

0
(x − t)α−1 f (t) dt

for α > 0.
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Fractional derivative

Riemann-Liouville integral

The Riemann-Liouville fractional derivative of order α < 0 is

Dα
0 = I−α

0
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Fractional derivative

The Weyl Derivative

Property

f (m) (x) =
1√
2π

∫ +∞

−∞
(it)m f̂ (t) exp (itx) dt

We define the Weyl derivative of order α ≥ 0 as

f (α) = F−1 ((it)α F f ) (13)
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Fractional derivative

The Riesz Derivative

The Riesz Derivative

R
n

f (m) (x) =
1√
2π

∫ +∞

−∞
(it)m f̂ (t) exp (itx) dt

∂

∂xk

f (x) = F−1 ([(itk) [F (f )] (y)]) (x) ,

where x = (x1, . . . , xn) , y = (t1, . . . , tn) , k = 1, . . . , n.
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Fractional derivative

The Riesz Derivative

−∆f (x) = F−1
([

|y|2 [F (f )] (y)
])

(x)

The Riesz derivative of order α is defined as

Iαf (x) = F−1 ([|y|α [F (f )] (y)]) (x)

for f ∈ S (Rn) . Symbolically we have

Iα = (−∆)
α
2

or
(

−∇2
)

α
2 f (x) = F−1 ([|y|α [F (f )] (y)]) (x) . (14)
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Superdiffusion

Lévy flight

-10

 0

 10

 20

 30

 40

 50

 60

-70 -60 -50 -40 -30 -20 -10  0  10

y i

xi

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

Superdiffusion and epidemiological spreading



Superdiffusion and epidemiological spreading

Superdiffusion

Superdiffusion equation in Fourier space

∂

∂t
u(x , t) = χ

∂µ

∂xµ
u(x , t) (15)

∂

∂t
ũ(k , t) = −|k |µχũ(k , t) (16)

ũ(k , t) = ũ(k , t0)e
−|k|µχ(t−t0). (17)

u(x , t) =
1√
2π

∫ ∞

−∞
ũ(k , t0)e

−|k|µχ(t−t0)+ikxdk,

where

ũ(k , t0) =
1√
2π

∫ ∞

−∞
u(y , t0)e

−ikydy .
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Superdiffusion
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Figure: Superdiffusion for Lévy exponent 1.5. a) Density u(x , t) over x

for fixed time t. b) Logarithm of the density.
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Superdiffusion
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Figure: Superdiffusion for a lower Lévy exponent 1.0 a) Density u(x , t)
over x for fixed time t. b) Logarithm of the density.
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Superdiffusion
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Figure: Comparison of the logarithm of density for a) Lévy exponent 2,
b) Lévy exponent 1.5, c) exponent 1.0.
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Superdiffusion

u(x , t) =

∫ ∞

−∞
u(y , t0)G (y − x , t − t0)dy ,

where

G (y − x , t − t0) =
1

2π

∫ ∞

−∞
e
−ik(y−x)

e
−|k|µχ(t−t0)dk.

Substituting z = y−x

(χ(t−t0))
1
µ

and k̃ = k(χ(t − t0))
1
µ then we get

G (y − x , t − t0) =
1

(χ(t − t0))
1
µ

1

2π

∫ ∞

−∞
e
−i k̃z−|k̃|µdk̃ .
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Superdiffusion

Power law scaling of superdiffusion

µ = 2
u(x , t) ∼ e−x2

(18)

µ < 2
u(x , t) ≈ c · |x |−(µ+1) (19)
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Superdiffusion

Lévy stable function

Lµ(z) =
1

2π

∫ ∞

−∞
e
−i k̃z−|k̃|µdk̃ (20)

Asymptotically, the stable law is

Lµ(z) ∼ 1

|z |1+µ
, |z | >> 1
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Superdiffusion

In fact, a series expansion of Lµ gives us

Lµ(z) =
1

π

∞
∑

k=1

(−1)k+1

k!
z−(µk+1)Γ(µk + 1) sin

(π

2
µk

)

. (21)
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Superdiffusion
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Diffusion in the higher dimension

Diffusion in R
r

∂

∂t
u(x , t) = χ

r
∑

i=1

∂2

∂xi
2
u(x , t) (22)

where x = (x1, · · · , xr ).

∂

∂t
ũ(k , t) = −|k|2χũ(k , t),

where k = (k1, · · · , kr ), |k|2 = k1
2 + · · · + kr

2,

ũ(k , t) =
1

(√
2π

)r

∫

Rr

u(x , t)e−ik x
dx
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Diffusion in the higher dimension

u(x , t) =
1

(4πχ(t − t0))
r
2

∫

Rr

u(y , t0) exp

{

−
|x − y |2

4χ(t − t0)

}

dy ;

G (x − y , t) =
1

(4πχ(t − t0))
r
2

exp

{

−
|x − y |2

4χ(t − t0)

}
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Diffusion in the higher dimension

Case: r = 2. Let N = 2M + 1, xn = (−M + (n − 1)) ∆x ,
ym = (−M + (m − 1)) ∆y , n, m = 1, 2, · · · , N, ∆k = 2π

N
1

∆x
,

∆κ = 2π
N

1
∆ℓ

. Then we have

ũ(kj , κℓ, t) =
1

2π

N
∑

n=1

N
∑

m=1

u(xn, ym, t)e−i(kjxn+κℓym)∆x∆y

where j , ℓ = 1, . . . ,N and the back Fourier transform

u(xn, ym, t) =
1

2π

N
∑

j=1

N
∑

ℓ=1

ũ(kj , κℓ, t)e
i(kjxn+κℓym)∆k∆κ
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Diffusion in the higher dimension
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Diffusion in the higher dimension
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Figure: Superdiffusion for Lévy exponent 1.5. a) Density u(x , t) over x

for fixed time t. b)color-coded projection of u(x , t)
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Integral representation of the fractional Laplace operator

Integral representation of the fractional Laplacian

∂µ

∂xµ
u(x , t) =

1

π
Γ(µ + 1) sin

(π

2
µ
)

∞
∫

−∞

u(y , t)

|x − y |µ+1
dy (23)
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Integral representation of the fractional Laplace operator

The sketch of the proof

f (x) = (−ix)−α ←→ f̃ (k) =

√
2π

Γ(α)
H(k)kα−1 (24)

f (x) = (ix)−α ←→ f̃ (k) =

√
2π

Γ(α)
H(−k)(−k)α−1 (25)

Γ(α) =

∞
∫

0

xα−1 e−x dx (26)
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Integral representation of the fractional Laplace operator

For z ∈ C holds
∮

C

zα−1 · e−z dz = 0 (27)

along any contour C not including any pole of f (z).

g(x) = − 2√
2π

Γ(µ + 1)|x |−(µ+1) sin
(π

2
µ
)

←→ g̃(k) = |k |µ
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Integral representation of the fractional Laplace operator

∂µ

∂xµ
u(x , t) :=

1√
2π

∞
∫

−∞

−|k |µũ(k , t)e ikx
dk
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Integral representation of the fractional Laplace operator

The convolution theorem

h(x) =

∞
∫

−∞

f (y)g(x − y) dy (28)

then h̃(x) =
√

2π f̃ (k) · g̃(k)

Urszula Skwara, Filipe Rocha, Maira Aguiar, Nico Stollenwerk

Superdiffusion and epidemiological spreading



Superdiffusion and epidemiological spreading

Integral representation of the fractional Laplace operator

In our case:

h(x) =
∂µ

∂xµ
u(x , t)

,
h̃(k) = −|k |µũ(k , t)

From this h = − 1√
2π

u ∗ g , where g̃(k) := |k |µ. Then

g(x) = − 2√
2π

Γ(µ + 1)|x |−(µ+1) sin
(

π
2 µ

)

.
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Application to epidemiological systems

Random walk model

Si + Ij
χ−→ Ii + Sj

Ii + Sj
χ−→ Si + Ij

χcµJij Ij −→
χcµIj

‖ xi − xj ‖µ+1
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Application to epidemiological systems
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Application to epidemiological systems

SIS model

Si + Ij
β−→ Ii + Ij

Ii
α−→ Si

βJij Ij −→
βIj

‖ xi − xj ‖µ+2
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Application to epidemiological systems

µ = 2 µ = 1.5
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Application to epidemiological systems

Thank you for your attention
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